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STUDY OF NEARLY INVARIANT SUBSPACES WITH FINITE DEFECT IN
HILBERT SPACES
ARUP CHATTOPADHYAY AND SOMA DAS
Abstract. In this article, we briefly describe nearly T−1 invariant subspaces with finite defect for a
shift operator T having finite multiplicity acting on a separable Hilbert space H as a generalization
of nearly T−1 invariant subspaces introduced by Liang and Partington in [16]. In other words we
characterize nearly T−1 invariant subspaces with finite defect in terms of backward shift invariant
subspaces in vector-valued Hardy spaces by using Theorem 3.5 in [5]. Furthermore, we also provide a
concrete representation of the nearly T−1B invariant subspaces with finite defect in a scale of Dirichlet-
type spaces Dα for α ∈ [−1, 1] corresponding to any finite Blashcke product B .
1. Introduction
The structure of the invariant subspaces of an operator T plays an important role to study the
action of T on the full space in a better way. To that aim, the study of (almost) invariant subspaces
were initiated and a suitable investigation of these brings the concept such as near invariance. The
study of nearly invariant subspaces for the backward shift in the scalar valued Hardy space H2C(D)
were introduced by Hayashi [13], Hitt[14], and then Sarason [23] in the context of kernels of Toeplitz
operators. Going further, Chalendar-Chevrot-Partington (C-C-P) [2] gives a complete characteri-
zation of nearly invariant subspaces under the backward shift operator acting on the vector-valued
Hardy space, providing a vectorial generalization of a result of Hitt. In 2004, Erard investigated the
nearly invariant subspaces related to multiplication operators in Hilbert spaces of analytic functions
in [8]. The concept of nearly invariant subspaces of finite defect for the backward shift in the scalar
valued Hardy space was introduced by Chalendar- Gallardo-Partington (C-G-P) in [4] and provides
a complete characterization of these spaces in terms of backward shift invariant subspaces. A re-
cent preprint [5] by the authors of this article along with C. Pradhan characterizes nearly invariant
subspace of finite defect for the backward shift operator acting on the vector-valued Hardy space
and provides a vectorial generalization of C-G-P algorithm. In this connection we also mention that
similar type of connection also obtained independently by R. O’Loughlin in [19]. Recently, Liang and
Partington introduce the notion of nearly T−1 invariant subspaces in general Hilbert space setting
[16] and provide a representation of nearly T−1 invariant subspaces for the shift operator T with
finite multiplicity acting on a separable infinite dimensional Hilbert space H in terms of backward
shift invariant subspaces on the vector valued Hardy spaces as an application of Corollary 4.5. given
in [2]. Moreover, they also give a description of the nearly T−1B invariant subspaces for the operator
TB of multiplication by B in a scale of Dirichlet-type spaces [16], where B is any finite Blashcke
product.
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Motivated by the work of Liang and Partington in [16], we also introduce the notion of nearly T−1
invariant subspaces with finite defect (see Definition 2.1) for an left invertible operator T acting on
a separable infinite dimensional Hilbert space as a generalization of nearly T−1 invariant subspaces.
The purpose of this article is to study nearly T−1 invariant subspaces with finite defect for a shift
operator T with finite multiplicity acting on a separable Hilbert space. In other words we provide
a characterization of nearly T−1 invariant subspaces with finite defect in terms of backward shift
invariant subspaces in vector-valued Hardy spaces by using our recent Theorem 3.5 (C-D-P) in [5].
Moreover, we also give a concrete representation of the nearly T−1B invariant subspaces with finite
defect in a scale of Dirichlet-type spaces Dα for α ∈ [−1, 1] corresponding to any finite Blashcke
product B by extending some results of C. Erard in [8]. There are also many other contributions
related with this topic and the interested reader can also refer to [1][7] and the references therein. In
order to state the precise contribution of this paper, we need to recapitulate some useful notations
and definitions.
Let H be a separable infinite dimensional Hilbert space and B(H) denote the set of all bounded
linear operators acting on H. The Cm- valued Hardy space [20] over the unit disc D is denoted by
H2Cm(D) and defined by
H2Cm(D) :=
{
F (z) =
∑
n≥0
Anz
n : ‖F‖2 =
∑
n≥0
‖An‖
2
Cm <∞, An ∈ C
m
}
.
We can also view the above Hilbert space as the direct sum of m-copies of H2C(D) or sometimes it is
useful to see the above space as a tensor product of two Hilbert spaces H2C(D) and C
m, that is,
H2Cm(D) ≡ H
2
C(D)⊕ · · · ⊕H
2
C(D)︸ ︷︷ ︸
m
≡ H2C(D)⊗ C
m.
On the other hand the space H2Cm(D) can also be defined as the collection of all C
m-valued analytic
functions F on D such that
‖F‖ =
[
sup
0≤r<1
1
2pi
∫ 2pi
0
|F (reiθ)|2 dθ
] 1
2
<∞.
Moreover the nontangential boundary limit (or radial limit)
F (eiθ) := lim
r→1−
F (reiθ)
exists almost everywhere on the unit circle T (for more details see [18], I.3.11). Therefore H2Cm(D)
can be embedded isomertically as a closed subspace of L2(T,Cm) by identifying H2Cm(D) through
the nontangential boundary limits of the H2Cm(D) functions. Let S denote the forward shift operator
(multiplication by the independent variable) acting on H2Cm(D), that is, SF (z) = zF (z), z ∈ D. The
adjoint of S is denoted by S∗ and defined in H2Cm(D) as the operator
S∗(F )(z) =
F (z)− F (0)
z
, F ∈ H2Cm(D)
which is known as backward shift operator. The Banach space of all L(Cr,Cm) (set of all bounded
linear operators from Cr to Cm)- valued bounded analytic functions on D is denoted by H∞
L(Cr,Cm)(D)
and the associated norm is
‖F‖∞ = sup
z∈D
‖F (z)‖.
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Moreover, the spaceH∞
L(Cr,Cm))(D) can be embedded isometrically as a closed subspace of L
∞(T,L(Cr,Cm)).
Note that each Θ ∈ H∞
L(Cr,Cm)(D) induces a bounded linear map TΘ ∈ H
∞
L(Cr ,Cm)(D) defined by
TΘF (z) = Θ(z)F (z). (F ∈ H
2
Cr(D))
The elements of H∞
L(Cr,Cm)(D) are called the multipliers and are determined by
Θ ∈ H∞L(Cr,Cm)(D) if and only if STΘ = TΘS,
where the shift S on the left hand side and the right hand side act on H2Cm(D) and H
2
Cr(D) re-
spectively. A multiplier Θ ∈ H∞
L(Cr,Cm)(D) is said to be inner if TΘ is an isometry, or equivalently,
Θ(eit) ∈ L(Cr,Cm) is an isometry almost everywhere with respect to the Lebesgue measure on T. In-
ner multipliers are among the most important tools for classifying invariant subspaces of reproducing
kernel Hilbert spaces. For instance:
Theorem 1.1. (Beurling-Lax-Halmos [24]) A non-zero closed subspace M ⊆ H2Cm(D) is shift in-
variant if and only if there exists an inner multiplier Θ ∈ H∞
L(Cr,Cm)(D) such that
M = ΘH2Cr(D),
for some r (1 ≤ r ≤ m).
Consequently, the space M⊥ of H2Cm(D) which is invariant under S
∗ (backward shift) can be
represented as
KΘ :=M
⊥ = H2Cm(D)⊖ΘH
2
Cr(D),
which also known as model spaces ([9, 10, 18, 17]). Let Pm : L
2(T,Cm)→ H2Cm(D) be an orthogonal
projection onto H2Cm(D) defined by
∞∑
n=−∞
Ane
int 7→
∞∑
n=0
Ane
int.
Therefore Pm(F ) = (Pf1, Pf2, . . . , Pfm), where P is the Riesz projection on H
2
C(D) [9] and F =
(f1, f2, . . . , fm) ∈ L
2(T,Cm). Also note that for any Φ ∈ L∞(T,L(Cm,Cm)), the Toeplitz operator
TΦ : H
2
Cm(D)→ H
2
Cm(D) is defined by
TΦ(F ) = Pm(ΦF )
for any F ∈ H2Cm(D). Next we introduce a special family of Hilbert spaces of analytic functions. Let
α be any real number. Then the Dirichlet-type spaces are denoted by Dα ≡ Dα(D) and defined by
Dα ≡ Dα(D) :=
{
f : D→ C : f(z) =
∞∑
n=0
anz
n,
∞∑
n=0
(n+ 1)α|an|
2 <∞
}
.
Then each Dα is a Hilbert space with respect to the norm
‖f‖α :=
( ∞∑
n=0
(n + 1)α|an|
2
) 1
2
.
Note that the particular instances of α yield well-known Hilbert spaces of analytic functions on
D. More precisely, when α = 0 we get the Hardy space H2C(D), for α = −1 we have the classical
Bergman space A2, and α = 1 correspond to the Dirichlet space D. Since ‖f‖γ < ‖f‖β for γ < β,
then the continuous inclusion Dβ ⊂ Dγ holds for any γ < β. For more information about Dirichlet-
type spaces we refer to [1] and the references therein. Recall that an analytic function u is said to be
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an multiplier of Dα if for any f ∈ Dα, uf ∈ Dα that is, the analytic Toeplitz operator Tu : f → uf is
defined everywhere on Dα (hence bounded by closed graph theorem). Furthermore, one can easily
check that any finite Blaschke product B is a multiplier for each Dα spaces. Note that a finite
Blaschke product is given by
B(z) = eiθ
N∏
k=1
z − zk
1− zkz
, (z ∈ D)
where αi ∈ D and the degree of B is just the number of zeros {z1, . . . , zN}, counted with multiplicity.
Moreover, finite Blashcke products play an important role in mathematics. We refer [25] and [12]
for more on the subject of multipliers of Dα and the qualitative study of finite Blaschke product
respectively. The famous Wold Decomposition Theorem [6] implies that for any Blaschke product
B, each element f ∈ H2C(D) has the following decomposition:
f(z) =
∞∑
n=0
Bn(z)hn(z),
where hn belongs to the model space KB = H
2
C(D)⊖BH
2
C(D). An analogous theorem for Dirichlet-
type spaces Dα(D) is the following:
Theorem 1.2. [11, Theorem 3.1][3, Theorem 2.1]
Suppose α ∈ [−1, 1] and B is a finite Blaschke product. Then f ∈ Dα(D) if and only if f =∑∞
n=0B
nhn (convergence in Dα(D) norm) with hn ∈ KB = H2C(D)⊖BH
2
C(D) and
∞∑
n=0
(n + 1)α‖hn‖
2
H2 <∞. (1.1)
Moreover, since B is a finite Blaschke product, then KB is finite dimensional and hence we can
consider other (equivalent) norms here, such as ‖h‖Dα.
The nearly invariant subspaces related to the multiplication operator Mu in the Hilbert space of
analytic functions has been studied by C. Erard in [8]. In fact Erard gave the definition of “nearly
invariant under division by u ”, which is same as “nearlyM−1u invariant”, a special case of the notion
of nearly T−1 invariant subspaces for any left invertible operator T ∈ B(H) recently introduced by
Liang and Partington in [16] and the definition is the following:
Definition 1.3. [16, Definition 1.2] Let H be a separable infinite dimensional Hilbert space and
T ∈ B(H) be left invertible. Then a closed subspace M⊂ H is said to be nearly T−1 invariant if for
every g ∈ H such that Tg ∈M then it holds that g ∈ M.
It is well known that the shift operator acting on a separable Hilbert space is a generalization of
the unilateral shift S and the operator TB on H
2
Cm(D). Recall that, an operator T ∈ B(H) is said to
be a shift opertor if it is an isometry and T ∗ converges strongly to zero that is, ‖T ∗nh‖ → 0 as n→∞
for all h ∈ H [22]. Equivalently, an isometry T ∈ B(H) is a shift operator if and only if T is pure
that is, ∩∞n=0T
nH = {0}. Therefore it is easy to observe that shift operator is an isometry and left
invertible. Moreover, the multiplicity of a shift operator T ∈ B(H) is defined to be the dimension of
KerT ∗ = H⊖TH. As we have discussed earlier, Liang and Partington have characterized nearly T−1
invariant subspaces for a shift operator T ∈ B(H) with finite multiplicity and furthermore they also
studied the nearly T−1B invariant subspaces corresponding to a finite Blaschke product B in a scale of
Dirichlet-type spaces Dα for α ∈ [−1, 1] in [16]. The main aim of this article is to first introduce the
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notion of nearly T−1 invariant subspaces with finite defect for a shift operator T ∈ B(H) with finite
multiplicity and then characterize those subspaces in terms of backward shift invariant subspaces
in vector-valued Hardy spaces. Furthermore, we also study the nearly T−1B invariant subspaces in a
scale of Dirichlet-type spaces Dα for α ∈ [−1, 1] corresponding to a finite Blaschke product B and
provide a concrete representation of it by generalizing some results of C. Erard [8] in our context.
The rest of the paper is organized as follows: In Section 2, we introduce the notion of nearly
T−1 invariant subspaces with finite defect for an left invertible operator T ∈ B(H) and give a
chracterization of nearly T−1 invariant subspaces with finite defect for the shift operator T ∈ B(H)
with finite multiplicity. In Section 3, we deal with the study of nearly T−1B invariant subspaces with
finite defect corresponding to a finite Blaschke product B in a scale of Dirichlet-type spaces Dα for
α ∈ [−1, 1].
2. Characterization of Nearly Invariant Subspaces with finite defect for the
Shift Operator
In this section, we study nearly T−1 invariant subspaces with finite defect for a shift operator
T ∈ B(H) having finite multiplicity. Now we introduce the notion of nearly T−1 invariant subspaces
with finite defect for any left invertible operator T ∈ B(H) as a generalization of nearly T−1 invariant
subspaces.
Definition 2.1. Let T ∈ B(H) be left invertible. Then a closed subspace M of H is said to be nearly
T−1 invariant with finite defect p if there exists a p dimensional subspace F (which may be taken to
be orthogonal to M) such that for any f ∈ H with Tf ∈ M, then it holds that f ∈ M⊕F .
The following lemma gives a connection of nearly invariant subspaces with same defect between
similar operators.
Lemma 2.2. Let T1 ∈ B(H1) and T2 ∈ B(H2) be two left invertible operators such that they are
similar by some invertible operator V : H1 → H2, so that T2 = V T1V
−1. Let M be a nearly T−11
invariant subspace with defect p in H1; then V (M) is also a nearly T
−1
2 invariant subspace with the
same defect p in H2.
Proof. Suppose g ∈ H2 such that T2g ∈ VM, then we want to show g ∈ VM⊕ V F , where F is
the p dimensional defect space for M in H1. Since T2g = V T1V
−1g ∈ VM, then it implies that
T1V
−1g ∈ VM. Moreover, sinceM is nearly T−11 invariant with defect space F , then we must have
V −1g ∈ M⊕F . Thus g ∈ V (M⊕F) = VM⊕ V F , proving that V (M) is a nearly T−12 invariant
subspace with defect p in H2. 
Now onwards we always assume T ∈ B(H) is a shift operator with multiplicity m throughout this
section. Let {e1, e2, . . . , em} be an orthonormal basis of K = H⊖TH and let δ
m
j = (0, 0, . . . , 1, . . . , 0)
with 1 in the jth place be an orthonormal basis of Kz = H
2
Cm(D)⊖ zH
2
Cm(D) for j = 1, 2, . . . ,m. By
considering the following two orthogonal decompositions
H =
∞⊕
i=0
T iK and H2Cm(D) =
∞⊕
i=0
ziKz,
we have an unitary mapping U : H → H2Cm(D) defined by
U(T iej) = z
iδmj . (2.1)
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Therefore the following diagram 2.2 corresponding to the shift operator T : H → H with multiplicity
m and the unilateral shift S : H2Cm(D)→ H
2
Cm(D) is commutative.
H
T
−−−−−−−−−−−−−−→ H
U
y
yU
H2Cm(D)
S
−−−−−−−−−−−−−−→ H2Cm(D)
(2.2)
Therefore from the above commutative diagram 2.2 we get
SnU = UT n,∀n ∈ N ∪ {0}. (2.3)
Now onwards we denote by PM as the orthogonal projection of H onto a closed subspace M of H.
The following lemma gives an upper bound concerning the dimension of the subspaceM⊖(M∩TH):
Lemma 2.3. Let T ∈ B(H) be a shift operator with multiplicity m and let M be a non trivial closed
subspace of H such that M * TH (that means M is not properly contained in TH). Then
1 ≤ r := dim(M⊖ (M∩ TH)) ≤ m. (2.4)
Proof. Since T is a shift operator with multiplicity m, then dim(H ⊖ TH) = m. Moreover, since
M * TH, then M⊖ (M∩ TH) 6= {0}. Let {e1, . . . , em} be an orthonormal basis of H⊖ TH. Our
claim is that {PMe1, . . . , PMem} generatesM⊖(M∩TH). Indeed, for any g ∈ M⊖(M∩TH) with
〈g, PMei〉 = 0 for all i ∈ {1, . . . ,m} implies g = 0 and hence 1 ≤ r := dim(M⊖(M∩TH)) ≤ m. 
Next by using condition 2.3 and the above lemma 2.3 we have the following result.
Lemma 2.4. Let M be a non trivial nearly T−1 invariant subspace with finite defect p and let
G0 = [g1, g2, . . . , gr]
t be an r×1 matrix with {g1, g2, . . . , gr} is an orthonormal basis ofM⊖(M∩TH)
(note that the superscript t denotes the transpose of a matrix). Then F0 = [Ug1, Ug2, . . . , Ugr]
t be
an r ×m matrix with {Ug1, Ug2, . . . , Ugr} is an orthonormal basis for UM⊖ (UM∩ zH
2
Cm(D)).
Proof. The proof is straightforward and we leave it to the reader. 
Going further, we need the following useful lemma due to Liang and Partington in [16].
Lemma 2.5. [16, Lemma 2.3] Suppose that T : H → H is a shift operator, and let U be as 2.3.
Then
U∗[(Ug)h] = h(T )g, (2.5)
for any g ∈ H, h ∈ H2C(D).
Now we are in a position to state and prove our main result in this section which provides an
isometric relation between nearly T−1 invariant subspaces with defect p and the backward shift
invariant subspaces of H2Cr+p(D) = H
2
Cr(D)×H
2
Cp(D).
Theorem 2.6. Suppose T is a shift operator with multiplicity m and M⊂ H is a non trivial nearly
T−1 invariant subspace with defect p and let F be the corresponding p dimensional defect space. Let
F1 = [f1, f2, . . . , fp]
t be a p× 1 matrix containing an orthonormal basis {f1, f2, . . . , fp} of F .Then
(i) in the case when M * TH, there exista a non negative integer r′ ≤ r+p and an inner multiplier
Φ ∈ H∞
L(Cr′ ,Cr+p))
(D), unique upto an unitary equivalence such that
M =
{
f ∈ H : f = K0(T )G0 + TK1(T )F1 : (K0,K1) ∈ H
2
Cr+p(D)⊖ ΦH
2
Cr′
(D)
}
, (2.6)
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where G0 = [g1, g2, . . . , gr]
t is an r × 1 matrix with {g1, g2, . . . , gr} is an orthonormal basis of M⊖
(M∩ TH) and also there exists an isometry
Q :M→ H2Cr+p(D) defined by Q(f) = (K0,K1).
(ii) In the case, when M ⊆ TH, there exists a non negative integer p′ ≤ p and an inner multiplier
Θ ∈ H∞
L(Cp′ ,Cp))
(D) which is unique upto unitary constant such that
M =
{
f ∈ H : f = TK1(T )F1 : K1 ∈ H
2
Cp(D)⊖ H
2
Cp′
(D)
}
, (2.7)
and also there exists an isometry
R :M→ H2Cp(D) defined by R(f) = K1.
Proof. From Lemma 2.2 and using 2.1, we say UM is a nearly S∗ invariant subspace of H2Cm(D) with
defect p and the correosponding defect space is UF ⊆ H2Cm(D). Therefore by applying our recent
Theorem 3.5 (C-D-P) in [5, Theorem 3.5, case (i)] corresponding to nearly S∗ invariant subspace
with finite defect in vector valued Hardy space H2Cm(D), we have
UM =
{
F ∈ H2Cm(D) : F (z) = F0(z)
tK0(z) +
p∑
j=1
zkj(z)Ufj(z) : (K0, k1, . . . , kp) ∈ K
}
,
where K ⊂ H2Cr(D)×H
2
C(D)× · · · ×H
2
C(D)︸ ︷︷ ︸
p
is a closed S∗⊕· · ·⊕S∗- invariant subspace of the vector
valued Hardy space H2(D,Cr+p),
‖F‖2 = ‖K0‖
2 +
p∑
j=1
‖kj‖
2, (2.8)
and F0 given in Lemma 2.4. Therefore by Beurling-Lax-Halmos theorem on H
2
Cr+p(D), there exists
a non negative integer r′ ≤ r + p and an inner multiplier Φ ∈ H∞
L(Cr′ ,Cr+p))
(D) unique upto unitary
equivalance such that K = H2Cr+p(D) ⊖ ΦH
2
Cr′
(D). Thus if we consider f ∈ M, then there exists
(K0, k1, k2, . . . , kp) ∈ K such that
Uf = [Ug1, Ug2, . . . , Ugr]K0 +
p∑
j=1
SkjUfj
and
‖f‖2 = ‖Uf‖2 = ‖K0‖
2 +
p∑
j=1
‖kj‖
2. (2.9)
Let K0 = (k
0
1 , k
0
2 , . . . , k
0
r ) ∈ H
2
Cr(D), then
Uf = [Ug1, Ug2, . . . , Ugr]K0 +
p∑
j=1
SkjUfj =
r∑
i=1
(Ugi)k
0
i +
p∑
j=1
SUfjkj
and therefore by using Lemma 2.5 we get
Uf =
r∑
i=1
(Ugi)k
0
i +
p∑
j=1
SUfjkj =
r∑
i=1
U(k0i (T )gi) +
p∑
j=1
U(Tfj)kj
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=
r∑
i=1
U(k0i (T )gi) +
p∑
j=1
U(kj(T )Tfj) = U(
r∑
i=1
k0i (T )gi +
p∑
j=1
T (kj(T )fj))
= U(K0(T )G0 + TK1(T )F1),
and hence
f = K0(T )G0 + TK1(T )F1,
where K1 = (k1, k2, . . . , kp) ∈ H
2
Cp(D). Therefore
M =
{
f ∈ H : f = K0(T )G0 + TK1(T )F1 : (K0,K1) ∈ H
2
Cr+p(D)⊖ ΦH
2
Cr′
(D)
}
.
Moreover, the relation 2.8 gives the existence of an isometry V : UM → H2Cr+p(D) ⊖ ΦH
2
Cr′
(D).
Now if we define Q = V U , then Q : M→ H2Cr+p(D) ⊖ ΦH
2
Cr′
(D) is an isometry and the isometric
relation is given by 2.9 . This completes the proof of (i).
For case (ii), we assumeM⊂ TH and henceM⊖ (M∩TH) = {0}. Therefore again by applying
C-D-P Theorem [5, Theorem 3.5, case (ii)] we have
UM =
{
F ∈ H2Cm(D) : F (z) =
p∑
j=1
zkj(z)Ufj(z) : (k1, . . . , kp) ∈ K
}
where K ⊂ H2C(D)× · · · ×H
2
C(D)︸ ︷︷ ︸
p
is a closed S∗ ⊕ · · · ⊕ S∗- invariant subspace of the vector valued
Hardy space H2(D,Cp) and
‖F‖2 =
p∑
j=1
‖kj‖
2. (2.10)
Similarly as in case (i), there exists a non negative integer p′ ≤ p and an inner multiplier Θ ∈
H∞
L(Cp′ ,Cp)
(D) unique upto an unitary equivalance such that K = H2Cp(D)⊖ ΦH
2
Cp′
(D). Moreover, if
K1 = (k1, k2, . . . , kp) ∈ H
2
Cp(D), then
M =
{
f ∈ H : f = TK1(T )F1 : K1 ∈ H
2
Cp(D)⊖ΘH
2
Cp′
(D)
}
.
Furthermore, the equation 2.10 gives an existence of an isometry W : UM→ H2Cp(D) ⊖ ΦH
2
Cp′
(D)
and therefore, if we define R = WU , then R : M → H2Cp(D) ⊖ ΘH
2
Cp′
(D) is an isometry. This
completes the proof of (ii). 
The following corollary characterize the nearly T−1B invariant subspace with finite defect p in
H2C(D) as a consequence of the above Theorem 2.6. Note that for any finite Blaschke B with degree
m, the operator TB : H
2
C(D)→ H
2
C(D) is a shift operator with multiplicity m.
Corollary 2.7. Let M⊂ H2C(D) be a non trivial nearly T
−1
B invariant subspace with defect p, where
B is a finite Blaschke of degree m having atleast one zero in D \ {0}. Let G0 = [g1, g2, . . . , gr]t
be an r × 1 matrix with {g1, g2, . . . , gr} is an orthonormal basis of M⊖ (M∩ TBH) and let F1 =
[f1, f2, . . . , fp]
t be a p× 1 matrix containing an orthonormal basis {f1, f2, . . . , fp} of the defct space
F . Then there exists a non negative integer r′ ≤ r+ p and an inner multiplier Φ ∈ H∞
L(Cr′ ,Cr+p)
(D),
unique upto unitary equivalence such that
M =
{
f ∈ H : f = K0(TB)G0 + TBK1(TB)F1 : (K0,K1) ∈ H
2
Cr+p(D)⊖ ΦH
2
Cr′
(D)
}
. (2.11)
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The following example gives a better understanding of the above corollary.
Example 2.8. Let us define Ba(z) =
a− z
1− az
for any a ∈ D \ {0}. Now consider the subspace
M = Ba(z).
{∨
{1, z2, z6, z8, z10, . . .} ⊕
∨
{z, z3, z5, · · · , z2m+1}
}
for some m ∈ N ∪ {0}. Then M is a nearly T ∗z2 invariant subspace of H
2
C(D) with defect 1. It is
easy to observe that dim(M⊖ (M ∩ Tz2H
2
C(D))) = 2, G0 = Ba(z).[1, z]
t and the defect space is
F = 〈z4φa(z)〉 withF1 = [z
4φa(z)]. Therefore for any f ∈ M, we have
f(z) =
[ ∞∑
k=0
ak1z
2k,
∞∑
k=0
ak2z
2k
]
G0(z) + Tz2
[ ∞∑
k=0
bkz
2k
]
F1,
where the constants ak1, ak2 and bk satisfies the following:

ak1 ∈ C for k ∈ {0, 1} and ak1 = 0 for k ≥ 2,
ak2 ∈ C for k ∈ {0, 1, · · · ,m} and ak2 = 0 for k ≥ m+ 1,
bk ∈ C for k ≥ 0.
Moreover, the equation 2.11 along with above discussions conclude
M =
{
f ∈ H : f = K0(Tz2)G0 + Tz2K1(Tz2)F1 : (K0,K1) ∈ H
2
C2+1(D)⊖ ΦH
2
C(D)
}
,
where Φ ∈ H∞
L(C,C3)(D) is an inner multiplier such that Φ(z) = (z
2, zm+1, 0) ∈ C3.
3. Description of Nearly T−1B Invariant Subspces with Defect for Finite Blaschke
B in Dα Spaces
In this section we discuss about nearly T−1B invariant subspaces with finite defect corresponding
to any finite Blaschke product B in a scale of Dα spaces for α ∈ [−1, 1]. Recall that any finite
Blaschke product B is a multiplier of each Dα, that is the multiplication operator TB : Dα → Dα
is defined everywhere and bounded. Moreover, the operator TB is bounded below but not an
isometry. We refer to the reader concerning the work of Lance and Stessin [15] in connection with
the study of multiplication invariant subspaces of Hardy spaces. In [8] C. Erard studied the nearly
invariant subspaces corresponding to lower bounded multiplication operatorMu on the Hilbert space
of analytic functions H and there are four conditions concerning the pairs (H, u) which are as follows:
(i) H is a Hilbert space and a linear subspace of O(W) :=
{
f :W → C| f is analytic
}
, where W
is an open subset of Cd (d ∈ N),
(ii) u ∈ O(W) satisfies uh ∈ H for all h ∈ H,
(iii) for all w ∈ W the evaluation H → C, h→ h(w) is continuous,
(iv) there exists c > 0 such that for all h ∈ H c‖h‖H ≤ ‖uh‖H.
Corresponding to the above pair (H, u), the lower bound of the multiplication operator Mu relative
to the norm ‖.‖H is defined by
γH,Mu = sup{c > 0 : ∀h ∈ H, c‖h‖H ≤ ‖uh‖H} ∈ (0,∞). (3.1)
For simplicity we denote γH,Mu by γ. In particular for the pair (H, u(z) = z), Erard gives a
connection between nearly backward shift invariant subspaces in H and a backward shift invariant
subspaces in H2C(D) (see Theorem 5.1 in [8]). Note that the operator TB : Dα → Dα is more general
than Mz : H
2
C(D) → H
2
C(D) and the characterizations for nearly T
−1
B invariant subspaces in Dα
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for α ∈ [−1, 1] corresponding to the finite Blaschke product B is due to Liang and Partington (see
Theorem 3.4 and Theorem 3.7 in [16] ) by applying some results of Erard [8]. Here our main aim is
to characterize nearly T−1B invariant subspaces with finite defect in Dα for α ∈ [−1, 1] corresponding
to the finite Blaschke product B. To achieve our goal we need to first extend two important results
(namely Approximation Lemma and Factorization Theorem) due to Erard [8]. Before we proceed
note that if T : H → H is a bounded operator that is bounded from below, then T has closed range
and T ∗T is invertible. The following lemma is a generalization of Lemma 2.1. in [8].
Lemma 3.1 (Approximation Lemma). Let H be a Hilbert space and let T : H → H be a bounded
operator such that for all h ∈ H, ‖h‖H ≤ ‖Th‖H. Suppose M is a nearly T
−1 invariant subspace
of H with defect p (i.e. the dimension of the defect space F is p). We set R = (T ∗T )−1T ∗PM∩TH,
Q = PM⊖(M∩TH), S = PF . Then ‖R‖ ≤ 1, and for all h ∈ M and m ∈ N, we have
h =
m∑
k=0
T kQRkh+ Tm+1Rm+1 + T
m∑
k=1
T k−1SRkh (3.2)
and
‖h‖2H ≥
∞∑
k=0
‖QRkh‖2H +
∞∑
k=1
‖SRkh‖2H. (3.3)
Proof. Consider h ∈ H and write PM∩TH(h) = Th0. Then we have
TRh = T (T ∗T )−1T ∗Th0 = Th0 = PM∩TH(h). (3.4)
Thus for any h ∈ H, we have ‖Rh‖ ≤ ‖TRh‖ = ‖PM∩TH(h)‖ ≤ ‖h‖ and hence ‖R‖ ≤ 1. Suppose
h ∈ M and therefore by using 3.4 we conclude that TRh ∈ M. Since M is a nearly T−1 invariant
subspace with defect p, then we have
Rh ∈M⊕F . (3.5)
Moreover, by using 3.4 and since T is bounded below we have for any h ∈ M,
h = Qh+ TRh (3.6)
and
‖h‖2 ≥ ‖Qh‖2 + ‖TRh‖2 ≥ ‖Qh‖2 + ‖Rh‖2. (3.7)
Since Rh ∈ M⊕F (by 3.5), then we have
Rh = PMRh+ SRh
which implies that Rh − SRh ∈ M. Note that since 3.6 is true for any h ∈ M, therefore if we
replace h by Rh− SRh in 3.6 we get
Rh = QRh+ TR2h+ SRh. (3.8)
Now it is easy to observe that R(M⊕F) ⊂M⊕F and hence Rmh ∈M⊕F , ∀m ∈ N. Therefore
by induction from 3.8 we get for any m ∈ N,
Rmh = QRmh+ TRm+1h+ SRmh (3.9)
and since T is bounded below we have
‖Rmh‖2 ≥ ‖QRmh‖2 + ‖Rm+1h‖2 + ‖SRmh‖2. (3.10)
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Finally by combining 3.6 and 3.9 we have
h =
m∑
k=0
T kQRkh+ Tm+1Rm+1h+ T
m∑
k=1
T k−1SRkh, m ∈ N
and moreover equations 3.7 and 3.10 yield that
‖h‖2H ≥
∞∑
k=0
‖QRkh‖2H +
∞∑
k=1
‖SRkh‖2H.
This completes the proof. 
Remark 3.2. Under the same assumtion as in Lemma 3.1, letM be a nearly T−1 invariant subspace
of H with defect p such that M ⊆ TH and let F be the corresponding p dimensional defect space
having an orthonormal basis {ej}
p
j=1. Then for any h ∈ M and m ∈ N we have
h = Tm+1Rm+1 + T
m∑
k=1
T k−1SRkh and ‖h‖2H ≥
∞∑
k=1
‖SRkh‖2H. (3.11)
Next we denote D(0, a) := {z ∈ C : |z| < a}. As an application of the above Approximation
Lemma we have the following theorem which is a generalization of Theorem 3.2 in [8].
Theorem 3.3 (Factorization Theorem). Assume that the pair (H, u) satisfies the four conditions
(i)-(iv) given above. Let M be a nearly M−1u invariant subspace of H with defect p and let F be the
corresponding defect space. Let {gi}i∈I be an orthonormal basis of M⊖ (M∩MuH) and let {ej}
p
j=1
be an orthonormal basis of F . Moreover, we also assume that⋂
n∈N
un|u−1(D(0,γ))H|u−1(D(0,γ)) = {0}, (3.12)
where H|u−1(D(0,γ)) consists of the restrictions to u
−1(D(0, γ)) of the functions of H. Then
(i) in the case when M * MuH, for all h ∈ M, there exist (qi)i∈I and (hj)
p
j=1 in O(u
−1(D(0, γ)))
such that
h =
∑
i∈I
giqi + γ
−1Mu
p∑
j=1
ejhj
on u−1(D(0, γ)) for all i ∈ I and j ∈ {1, . . . p}, and also there exist (cki)k∈N0 ∈ C
N and (bkj)k∈N ∈
CN, where N0 = N ∪ {0} with
qi =
∞∑
k=0
cki
(
u
γ
)k
, hj =
∞∑
k=1
bkj
(
u
γ
)k−1
(3.13)
and ∑
i∈I
∞∑
k=0
|cki|
2 +
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖h‖2H. (3.14)
(ii) In the case when M⊆MuH, then for all h ∈ M there exists (hj)
p
j=1 in O(u
−1(D(0, γ))) such
that
h = γ−1Mu
p∑
j=1
ejhj on u
−1(D(0, γ))
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for all j ∈ {1, 2, . . . p} and also there exists (bkj)k∈N ∈ CN such that
hj =
∞∑
k=1
bkj
(
u
γ
)k−1
and
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖h‖2.
Proof. (i) First we consider T = γ1Mu. Then T satisfies the hypothesis of Lemma 3.1. Now we
define R,Q, S as in Lemma 3.1 and let h ∈ M. Then we define a family of sequences {(cki)k∈N0}i∈I ,
{(bkj)k∈N}
p
j=1 of complex numbers by the following equations
QRkh =
∑
i∈I
ckigi, k ∈ N0 and SR
kh =
p∑
j=1
bkjej k ∈ N.
Therefore by using (3.2) and (3.3) we get
h =
m∑
k=0
T kQRkh+ Tm+1Rm+1h+
m∑
k=1
T kSRkh
=
m∑
k=0
∑
i∈I
ckiT
kgi + T
m+1Rm+1h+ T
m∑
k=1
p∑
j=1
bkjT
k−1ej ,
and hence
h =
m∑
k=0
∑
i∈I
cki
(
u
γ
)k
gi +
(
u
γ
)m+1
Rm+1h+ γ−1u
m∑
k=1
p∑
j=1
bkj
(
u
γ
)k−1
ej, (3.15)
and ∑
i∈I
∞∑
k=0
|cki|
2 +
p∑
j=1
∞∑
k=1
|bkj |
2 ≤ ‖h‖2, (3.16)
so that for all i ∈ I and j ∈ {1, 2, . . . , p},
∞∑
k=0
|cki|
2 <∞ and
∞∑
k=1
|bkj |
2 <∞.
Therefore it follows that for all i ∈ I, the series
∞∑
k=0
cki
(
u
γ
)k
converges uniformly on compact subsets
of u−1(D(0, γ)), so that its sum, which we denote by qi, belongs to O(u
−1(D(0, γ))). Similarly the
series
∞∑
k=1
bkj
(
u
γ
)k−1
also converges uniformly on compact subsets of u−1(D(0, γ)) and hence the
sum of the series denoted by hj also belongs to O(u
−1(D(0, γ))). Let w ∈ u−1(D(0, γ)), then by
using Cauchy-Schwarz inequality and 3.16 we obtain∑
i∈I
|(giqi)(w)| ≤
(∑
i∈I
|gi(w)|
2
) 1
2
(∑
i∈I
|qi(w)|
2
)1
2
≤
(∑
i∈I
|〈gi, kw〉|
2
) 1
2
(∑
i∈I
(
∞∑
k=0
|cki|
2)(
∞∑
k=0
|u(w)|2k
γ2k
)
) 1
2
≤ ‖Qkw‖H‖h‖H
1√
1−
|u(w)|2
γ2
,
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and
p∑
j=1
|(ejhj)(w)| ≤ ‖Skw‖H‖h‖H
1√
1−
|u(w)|2
γ2
,
and hence that both the series
∑
i∈I
giqi and
p∑
j=1
ejhj converges at each point of u
−1(D(0, γ)). Now
from equation 3.15 we obtain
(h−
∑
i∈I
giqi −
p∑
j=1
ejhj)|u−1(D(0,γ)) ∈
⋂
m∈N
um|u−1(D(0,γ))H|u−1(D(0,γ)),
which along with the hypothesis (3.12) implies that
h =
∑
i∈I
giqi + γ
−1Mu
p∑
j=1
ejhj on u
−1(D(0, γ)) and
∑
i∈I
∞∑
k=0
|cki|
2 +
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖h‖2.
(ii) Again we consider T = γ−11 Mu. Therefore by using Remark 3.2 and proceeding as in case (i) we
obtain
h = γ−1Mu
p∑
j=1
ejhj on u
−1(D(0, γ)) and
p∑
j=1
∞∑
k=1
|bkj |
2 ≤ ‖h‖2.

Now we are in a position to describe the nearly T−1B invariant subspaces with defect p correspond-
ing to a finite Blaschke B in Dirichlet type spaces Dα for α ∈ [−1, 1] by applying similar type of
mechanism done by Liang and Partington in [16] . Now on wards we assume that B is Blaschke
product of degree m and therefore for any non trivial nearly T−1B invariant subspace M in Dα with
defect p and M * TBDα we have
1 ≤ r := dim(M⊖ (M∩ TBDα)) ≤ m
which follows by similar argument as in Lemma 2.3. In the sequel, we now endow the space Dα with
two different equivalent norms according to the cases α ∈ [−1, 0) and α ∈ [0, 1] and hence we divide
the analysis into two subsections.
3.1. α ∈ [−1, 0). Note that we need to endow the space Dα with a norm in such a way so that we
can a get a nice lower bound of the operator TB . Keeping this information in our mind we endow
the space Dα for α ∈ [−1, 0) with the modified equivalent norm denoted by ‖ · ‖1 as follows: for any
f =
∑∞
n=0 fnB
n with fn ∈ KB ,
‖f‖21 :=
G−1∑
n=0
Gα‖fn‖
2
H2
C
(D) +
∞∑
n=G
(n+ 1)α‖fn‖
2
H2
C
(D), (3.17)
where G is a fixed and sufficiently large positive number to be specified below. It is easy to observe
that the lower bound of TB defined in 3.1 is
γ1 :=
(
1−
1
G+ 1
)−α/2
. (3.18)
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Thus from the definition of lower bound it follows that for any f ∈ Dα,
‖TBf‖
2
1 = ‖Bf‖
2
1 ≥ γ
2
1‖f‖
2
1
and hence the operator T := γ−11 TB : Dα → Dα satisfies
‖Tf‖21 = ‖γ
−1
1 TBf‖
2
1 ≥ ‖f‖
2
1 for any f ∈ Dα.
Note that the pair (Dα, TB) also satisfies conditions (i)-(iv) with lower bound γ1 given in 3.18. Now
we choose G large enough so that γ1 satisfies B
−1(D(0, γ1)) ⊃ sD with sD a disc containing all the
zeros of B which ensures that
‖γ−11 B‖H∞(sD) < 1. (3.19)
Moreover, the operator T := γ−11 TB satisfies all the assumptions in Lemma 3.1 together with the
fact that ⋂
m∈N
BmDα|sD =
⋂
m∈N
TmDα|sD = {0}.
Combining the above facts together with Theorem 3.3 implies the following lemma, providing a
generalization of Lemma 3.6 in [16].
Lemma 3.4. LetM be a non trivial nearly T−1B invariant subspace of Dα with defect p for α ∈ [−1, 0)
and let F be the corresponding p dimensional defect space. Let {fi}
r
i=1 and {ej}
p
j=1 be an orthonormal
basis of M⊖ (M∩ TBDα) and F respectively. Then for all f ∈ M, there exist {qi}
r
i=1 and {hj}
p
j=1
in O(sD) such that
f =
r∑
i=1
fiqi + γ
−1
1 TB
p∑
j=1
ejhj on sD, (3.20)
for all i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , p}, and also there exist (aki)k∈N0 ∈ C
N and (bkj)k∈N ∈ CN
with
qi =
∞∑
k=0
aki
(
γ−11 B
)k
on sD, hj =
∞∑
k=1
bkj
(
γ−11 B
)k−1
on sD (3.21)
and
r∑
i=1
∞∑
k=0
|aki|
2 +
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖f‖2Dα . (3.22)
Remark 3.5. If the subspace M ⊆ TBDα, then using the same notation as in Lemma 3.4, for all
f ∈M there exists {hj}
p
j=1 in O(sD) such that
f = γ−11 TB
p∑
j=1
ejhj on sD,
and also there exists (bkj)k∈N ∈ CN with
hj =
∞∑
k=1
bkj
(
γ−11 B
)k−1
and
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖f‖2Dα .
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Here our main aim is to describe the nearly T−1B invariant subspaces of Dα with finite defect for
α ∈ [−1, 0) in terms of TB−1 invariant subspaces of H
2
Cr+p(sD). In order to get a connection with
invariant subspaces of H2Cr+p(D) we introduce an unitary mapping Us : H
2
Cr+p(sD)→ H
2
Cr+p(D) by
(Usf)(z) = f(sz).
If we denote T ∗s := UsTB−1U
∗
s , then we have the following commutative diagram 3.23
H2Cr+p(sD)
T−1
B−−−−−−−−−−−−−−→ H2Cr+p(sD)
Us
y
yUs
H2Cr+p(D)
T ∗s−−−−−−−−−−−−−−→ H2Cr+p(D).
(3.23)
Since the disc sD contains all the zeros of B, then the symbol B−1 lies in L∞(sT) and therefore by
using the fact B−1(sz) = B(s−1z) on T we conclude
(T ∗s f)(z) = TB(s−1z)f(z). (3.24)
For more details about (3.24) (see (3.18), section 3 in [16]). Now we state our main theorem in this
subsection concerning nearly T−1B invariant subspaces with defect p in Dα spaces with α ∈ [−1, 0)
based on above notations which gives a generalization of Theorem 3.7 in [16].
Theorem 3.6. Let M be a nearly T−1B invariant subspace of Dα with finite defect p for α ∈ [−1, 0)
and let F be the corresponding p dimensional defect space. Let E0 := [e1, e2, . . . , ep], where {ej}
p
j=1
is an orthonormal basis of F using norm ‖.‖1. Then
(i) in the case when M * TBDα, if F0 := [f1, f2, . . . , fr] is a matrix containing an orthonormal
basis {fi}
r
i=1 of M⊖ (M∩ TBDα), then there exists a linear subspace N ⊂ H
2
Cr+p(sD) such that
M =
{
f ∈ Dα : f = F0q + γ
−1
1 TBE0h on sD : (q, h) ∈ N
}
on sD,
together with (
1− ‖γ−11 B‖
2
H∞(sD)
)1/2(
‖q‖2H2
Cr
(sD) + ‖h‖
2
H2
Cp
(sD)
)1/2
≤ ‖f‖Dα .
Moreover, N is invariant under T−1B and hence Us(N ) is invariant under T
∗
s = UsTB−1U
∗
s in
H2Cr+p(D).
(ii) In the case when M⊂ TBDα, then there exists a linear subspace N ⊂ H
2
Cp(sD) such that
M =
{
f ∈ Dα : f = γ
−1
1 TBE0h : h ∈ N
}
on sD,
together with (
1− ‖γ−11 B‖
2
H∞(sD)
)1/2
‖h‖H2
Cp
(sD) ≤ ‖f‖Dα .
Moreover, N is invariant under T−1B and hence Us(N ) is invariant under T
∗
s = UsTB−1U
∗
s in H
2
Cp(D)
(Note that here Us : H
2
Cp(sD)→ H
2
Cp(D)).
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Proof. (i) For f ∈ M ⊂ Dα with α ∈ [−1, 0), the equation (3.20) in the above Lemma 3.4 implies
f =
r∑
i=1
fiqi + γ
−1
1 TB
p∑
j=1
ejhj = F0q + γ
−1
1 TBE0h, on sD (3.25)
where q = [q1, q2, . . . , qr]
t and h = [h1, h2, . . . , hp]
t. Using the facts 3.19 and 3.21 we obtain the
following for all i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , p},
‖qi‖H2(sD) = ‖
∞∑
k=0
aki(γ
−1
1 B)
k‖H2(sD) ≤
∞∑
k=0
|aki|‖γ
−1
1 B‖
k
H∞(sD)
≤
( ∞∑
k=0
‖γ−11 B‖
2k
H∞(sD)
)1/2( ∞∑
k=0
|aki|
2
)1/2
=
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1/2( ∞∑
k=0
|aki|
2
)1/2
,
and
‖hj‖H2(sD) ≤
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1/2( ∞∑
k=1
|bkj|
2
)1/2
.
Therefore the above estimates along with the inequality in 3.22 yields
‖q‖2H2
Cr
(sD) =
r∑
i=1
‖qi‖
2
H2(sD) ≤
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1( r∑
i=1
∞∑
k=0
|aki|
2
)
≤
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1
‖f‖2Dα < +∞,
and
‖h‖2H2
Cp
(sD) ≤
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1
‖f‖2Dα < +∞.
Thus the above implies
q =
∞∑
k=0
Ak(γ
−1
1 B)
k ∈ H2Cr(sD) where Ak = [ak1, ak2, . . . , akr]
t,
and
h =
∞∑
k=1
Bk(γ
−1
1 B)
k−1 ∈ H2Cp(sD) where Bk = [bk1, bk2, . . . , bkp]
t.
Moreover, the equation 3.22 implies for all f ∈ M,
‖q‖2H2
Cr
(sD) + ‖h‖
2
H2
Cp
(sD) ≤
(
1− ‖γ−11 B‖
2
H∞(sD)
)−1
‖f‖2Dα . (3.26)
Now we define a linear subspace as follows:
N :=
{
(q, h) ∈ H2Cr(sD)×H
2
Cp(sD) : ∃f ∈ M, f = F0q + γ
−1
1 TBE0h on sD
}
,
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satisfying for any f ∈ M, ∃(q, h) ∈ N such that f = F0q+ γ
−1
1 TBE0h on sD. Next we show that N
is invariant under TB−1 . By considering T = γ
−1
1 TB in Lemma 3.1, the equation (3.2) with m = 0
implies
f = Qf + TRf = Qf + γ−11 TBRf.
Moreover, on sD, the above equation together with (3.25) yields that
F0q + γ
−1
1 TBE0h = Q(F0q + γ
−1
1 TBE0h) + γ
−1
1 TBR(F0q + γ
−1
1 TBE0h)
= F0A0 + γ
−1
1 BR(F0q + γ
−1
1 TBE0h),
which further satisfies
F0(q −A0) + γ
−1
1 TBE0h = γ
−1
1 BR(F0q + γ
−1
1 TBE0h).
Next by using the fact TB is injective, we conclude from the above that
γ−11 R(F0q + γ
−1
1 TBE0h) = F0(
∞∑
k=1
Akγ
−k
1 B
k−1) + γ−11 E0h = F0(TB−1q) + γ
−1
1 E0h. (3.27)
Moreover, by using the fact that R(F0q + γ
−1
1 TBE0h) ∈ M⊕F we obtain
R(F0q + γ
−1
1 TBE0h) = P
MR(F0q + γ
−1
1 TBE0h) + E0B1. (3.28)
Thus by combining equations (3.27) and (3.28) we get
γ−11 PMR(F0q + γ
−1
1 TBE0h) = F0(TB−1q) + γ
−1
1 E0(
∞∑
k=2
Bk(γ
−1
1 B)
k−1)
= F0(TB−1q) + γ
−1
1 TBE0(TB−1h).
Note that γ−11 P
MR(F0q + γ
−1
1 TBE0h) ∈ M tand hence from the definition of N we conclude
(TB−1q, TB−1h) ∈ N . Thus N is TB−1 invariant in H
2
Cr+p(sD). Finally, by using the diagram 3.23
we have T ∗s (Us(N )) ⊂ Us(N ), that is Us(N ) is invariant under T
∗
s .
(ii) If M ⊂ TBDα, then by using Remark 3.5 and proceeding as in case (i) we obtain a linear
subspace N ⊂ H2Cp(sD) such that
M =
{
f ∈ Dα : f = γ
−1
1 TBE0h : h ∈ N
}
on sD,
together with (
1− ‖γ−11 B‖
2
H∞(sD)
)1/2
‖h‖H2
Cp
(sD) ≤ ‖f‖Dα .
Moreover, N is invariant under T−1B and Us(N ) is invariant under Ts = UsTB−1U
∗
s in H
2
Cp(D). (Note
that here Us : H
2
Cp(sD)→ H
2
Cp(D)). This completes the proof. 
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3.2. α ∈ [0, 1]. : Here we consider Dα spaces with α ∈ [0, 1] and B is a finite Blaschke product of
degree m. We now endow Dα with the following equivalent norm denoted by ‖.‖2 and is defined by
‖f‖22 :=
∞∑
n=0
(n+ 1)α‖gn‖
2
H2
C
(D) (3.29)
for any f =
∞∑
n=0
gnB
n with gn ∈ KB (see Theorem 1.2). Therefore we have,
‖TBf‖
2
2 = ‖Bf‖
2
2 =
∞∑
n=0
(n+ 2)α‖gn‖
2
H2
C
(D) ≥ ‖f‖
2
2
which implies that the operator TB : (Dα, ‖.‖2)→ (Dα, ‖.‖2) is lower bounded and the lower bound
3.1 of TB relative to the norm ‖.‖2 is γ2 := 1. Moreover, the pair (Dα, B) also satisfies the conditions
(i)-(iv). Furthermore it is easy to check that B−1(D(0, 1)) = B−1(D) = D and
⋂
m∈NB
mDα = {0}
on D. These facts along with Theorem 3.3 (with H = Dα, u = B, γ = γ2 = 1 and I = {1, 2, . . . , r})
gives the following lemma which is a generalization of Lemma 3.3. in [16].
Lemma 3.7. Let M be a non trivial nearly T−1B invariant subspace of Dα for α ∈ [0, 1] such that
M * TBDα and let {fi}ri=1 and {ej}
p
j=1 be an orthonormal basis of M⊖ (M∩TBDα) and the defect
space F respectively. Then for any f ∈ M, there exist {qi}
r
i=1 and {hj}
p
j=1 in O(D) such that
f =
r∑
i=1
fiqi + TB
p∑
j=1
ejhj
for any i ∈ {1, 2, . . . , r}; j ∈ {1, 2, . . . , p} and also there exist (cki)k∈N0 ∈ C
N and (dkj)k∈N ∈ CN
with
qi =
∞∑
k=0
ckiB
k, hj =
∞∑
k=1
dkjB
k−1 (3.30)
and
r∑
i=1
∞∑
k=0
|cki|
2 +
p∑
j=1
∞∑
k=1
|dkj |
2 ≤ ‖f‖2Dα . (3.31)
Remark 3.8. If M⊆ TBDα, then using the same notation as in Lemma 3.7 for any f ∈ M there
exists {hj}
p
j=1 in O(D) such that
f = TB
p∑
j=1
ejhj
and also there exists (bkj)k∈N ∈ CN with
hj =
∞∑
k=1
bkjB
k−1 and
p∑
j=1
∞∑
k=1
|bkj|
2 ≤ ‖f‖2Dα . (3.32)
Now we are in a position to describe the nearly T−1B invariant subspace with defect p in Dα for
α ∈ [0, 1], providing a generalization of Theorem 3.4 in [16]. Due to Lemma 2.2 without loss of
generality we assume B(0) = 0.
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Theorem 3.9. LetM be a nearly T−1B invariant subspace of Dα with finite defect p for α ∈ [0, 1] and
let F be the p dimensional defect space. Let E0 := [e1, e2, . . . , ep] where {ej}
p
j=1 is an orthonormal
basis of F using norm ‖.‖2. Then
(i) in the case when M * TBDα, if F0 := [f1, f2, . . . , fr] is a matrix containing an orthonormal
basis {fi}ri=1 of M⊖ (M∩ TBDα), then there exists a linear subspace N ⊂ H
2
Cr+p(D) such that
M =
{
f ∈ Dα : f = F0q + TBE0h : (q, h) ∈ N
}
together with
‖q‖2H2(D,Cr) + ‖h‖
2
H2(D,Cp) ≤ ‖f‖
2
Dα
.
Moreover, N is TB invariant.
(ii) In the case M⊂ TBDα, there exists a linear subspace N ⊂ H
2
Cp(D) such that
M =
{
f ∈ Dα : f = TBE0h : h ∈ N
}
together with
‖h‖2H2(D,Cp) ≤ ‖f‖
2
Dα
,
and N is TB invariant.
Proof. (i) For f ∈ M ⊂ Dα with α ∈ [0, 1], then by applying Lemma 3.7 we get
f =
r∑
i=1
fiqi + TB
p∑
j=1
ejhj = F0q + TBE0h, (3.33)
where q = [q1, q2, . . . , qr]
t and h = [h1, h2, . . . , hp]
t. Next by using the facts 3.30 and 3.31 we obtain
the following norm equalities and norm estimates for any i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , p}:
‖qi‖
2
H2
C
(D) =
∞∑
k=0
|cki|
2, ‖hj‖
2
H2
C
(D) =
∞∑
k=1
|dki|
2,
and hence
‖q‖2H2
Cr
(D) + ‖h‖
2
H2
Cp
(D) =
r∑
i=1
‖qi‖
2
H2
C
(D) +
p∑
j=1
‖hj‖
2
H2
C
(D) =
r∑
i=1
∞∑
k=0
|cki|
2 +
p∑
j=1
∞∑
k=1
|dkj|
2 ≤ ‖f‖2Dα .
Thus it follows that
q =
∞∑
k=0
CkB
k ∈ H2Cr(D), where Ck = [ck1, ck2, . . . , ckr]
t,
and
h =
∞∑
k=1
DkB
k−1 ∈ H2Cp(D) where Dk = [dk1, dk2, . . . , dkp]
t.
Now we define a linear subspace as follows
N :=
{
(q, h) ∈ H2Cr(D)×H
2
Cp(D) : ∃f ∈ M such that f = F0q + TBE0h
}
,
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satisfying for any f ∈ M, ∃(q, h) ∈ N such that
f = F0q + TBE0h with ‖f‖
2
Dα
≥ ‖q‖2H2
Cr
(D) + ‖h‖
2
H2
Cp
(D)
Next we show that N is invariant under TB . Consider T = TB and H = Dα for α ∈ [0, 1] in
Lemma 3.1 and therefore the corresponding operator R, Q and S in Lemma 3.1 becomes R =
(T ∗BTB)
−1T ∗BPM∩TBDα, Q = PM⊖(M∩Dα), S = PF and hence the equation (3.2) with m = 0 implies
for any f ∈ M,
f = Qf + TRf = Qf + TBRf,
which together with (3.33) yields
F0q + TBE0h = Q(F0q + TBE0h) + TBR(F0q + TBE0h)
= F0C0 +BR(F0q + TBE0h),
which further satisfies
F0(q − C0) + TBE0h = BR(F0q + TBE0h).
Since TB is injective, then from the above we conclude
R(F0q + TBE0h) = F0(
∞∑
k=1
CkB
k−1) + E0h = F0(TBq) + E0h. (3.34)
On the other hand note that R(F0q + TBE0h) ∈ M⊕F and hence
R(F0q + TBE0h) = PMR(F0q + TBE0h) + E0D1 (3.35)
Thus by combining (3.34) and (3.35) we get
PMR(F0q + TBE0h) = F0(TBq) + E0(
∞∑
k=2
DkB
k−1) = F0(TBq) + TBE0(TBh).
Since PMR(F0q+TBE0h) ∈ M, then from the definition of N it follows that (TBq, TBh) ∈ N . Thus
N is TB invariant in H
2
Cr+p(D).
(ii) If M⊂ TBDα, then by using Remark 3.8 and proceeding similarly as in case (i) we obtain a
linear subspace N ⊂ H2Cp(D) such that
M =
{
f ∈ Dα : f = TBE0h : h ∈ N
}
together with ‖h‖H2
Cp
(sD) ≤ ‖f‖Dα ,
and N is TB invariant in H
2
Cp(D). This completes the proof. 
Next we consider a special case of 2.2
H2Cr+p(D)
T
−−−−−−−−−−−−−−→ H2Cr+p(D)
U
y
yU
H2
Cm(r+p)
(D)
S
−−−−−−−−−−−−−−→ H2Cm(r+p)(D)
(3.36)
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Then SU = UTB holds for the unilateral shift S : H
2
Cm(r+p)
(D)→ H2
Cm(r+p)
(D) and TB : H2Cr+p(D)→
H2Cr+p(D) having multiplicity m(r + p). Using this fact we have the following remark concerning
finite dimensional nearly T−1B invariant subspaces of Dα for α ∈ [0, 1].
Remark 3.10. Note that the subspace N is not closed in general. In the above Theorem 3.9 if we
consider M is finite dimensional, then N ⊂ H2Cr+p(D) is also finite dimensional and hence closed.
Then from Beurling-Lax-Halmos Theorem and using diagram 3.36 we obtain that there exists a non
negative integer l with l ≤ m(r + p) and an inner multiplier Φ ∈ H∞
L(Cl,Cm(r+p))
(D) such that
N = U∗
(
H2Cm(r+p)(D)⊖ ΦH
2
Cl(D)
)
and hence
M =
{
f ∈ Dα : f = F0q + TBE0h : (q, h) ∈ U
∗
(
H2Cm(r+p)(D)⊖ ΦH
2
Cl(D)
)}
.
References
[1] Brown, L.; Shields, A.L.: Cyclic Vectors in the Dirichlet Space, Trans. Amer. Math. Soc. 285 (1984) .
[2] Chalendar, I.; Chevrot, N.; Partington, J. R.: Nearly invariant subspaces for backwards shifts on vector-valued
Hardy spaces, J. Operator Theory 63 (2010), no. 2, 403-415.
[3] Chalendar, I.; Gallardo-Gutirrez, E. A.; Partington, J. R.: Weighted composition operators on the Dirichlet space:
boundedness and spectral properties, Mathematische Annalen (2015) 363:12651279.
[4] Chalendar, I.; Gallardo-Gutirrez, E. A.; Partington, J. R.: A Beurling Theorem for almost-invariant subspaces of
the shift operator, J. Operator Theory, 83 (2020), 321-331.
[5] Chattopadhyay, A.; Das, S.; Pradhan, C.: Almost invariant subspaces of the shift operator on vector-valued Hardy
spaces, https://arxiv.org/abs/2005.02243v2.
[6] Conway, J. B.: A Course in Operator Theory, American Mathematical Society, Providence, 2000.
[7] El-Fallah, O.; Kellay, K.; Mashreghi, J. and Ransford,T. : A primer on the Dirichlet space, Cambridge Tracts in
Mathematics, 203, Cambridge University Press, Cambridge, 2014.
[8] Erard, C.: Nearly invariant subspaces related to multiplication operators in hilbert spaces of analytic functions,
Integral Equations Operator Theory 50 (2004), 197-210.
[9] Fricain, E.; Mashreghi, J.: The theory of H(b) spaces. Vol. 1, New Mathematical Monographs, 20 (2016), Cam-
bridge University Press, Cambridge.
[10] Fricain, E.; Mashreghi, J.: The theory of H(b) spaces. Vol. 2, New Mathematical Monographs, 21 (2016), Cam-
bridge University Press, Cambridge.
[11] Gallardo-Gutirrez, E. A.; Partington, J. R.; Seco, D.: On the Wandering Property in Dirichlet spaces, Integral
Equations Operator Theory (2020) 92:16.
[12] Garcia, S.R., Mashreghi, J., Ross, W.: Finite Blaschke Products and Their Connections . Springer, New York
(2018).
[13] Hayashi, E.: The kernel of a Toeplitz operator, Integral Equations Operator Theory 9 (1986), no.4, 588-591.
[14] Hitt, D.: Invariant subspaces of H2 of an annulus, Pacific J. Math. 134 (1988), no. 1, 101-120.
[15] Lance, T. L.; Stessin, M. I.: Multiplication invariant subspaces of Hardy spaces , Can. J. Math. 49(1)(1997),
100118.
[16] Liang, Y.; Partington, J. R.: Nearly Invariant Subspaces for Operators in Hilbert Spaces,
https://arxiv.org/abs/2003.12549v1.
[17] Mart´ınez-Avendan˜o, R. A.; Rosenthal, P.: An introduction to operators on the Hardy-Hilbert space, Graduate
Texts in Mathematics 237 (2007), Springer, New York.
[18] Nikolski, N.: Operators, functions, and systems: an easy reading Vol. 1 Hardy, Hankel, and Toeplitz Mathematical
Surveys and Monographs, 92. American Mathematical Society, Providence, RI, 2002.
[19] O’Loughlin, R.: Nearly invariant subspaces and applications to truncated Toeplitz operators,
https://arxiv.org/abs/2005.00378v2.
[20] Partington, J. R.: Linear operators and linear systems. An analytical approach to control theory, London Mathe-
matical Society Student Texts, 60 (2004), Cambridge University Press, Cambridge.
22 CHATTOPADHYAY AND DAS
[21] Popov, A. and Tcaciuc, A.: Every operator has almost-invariant subspaces, J. Funct. Anal. 265 (2013), no. 2,
257–265.
[22] Rosenblum, M. and Rovnyak, J.:Hardy classes and operator theory , Oxford University Press, New York, 1985.
[23] Sarason, D.: Nearly invariant subspaces of the backward shift, Contributions to Operator Theory and its Applica-
tions (Mesa, AZ, 1987), 481-493, Oper. Theory Adv. Appl., 35, Birkhuser, Basel, 1988.
[24] Sz.-Nagy, B. and Foias¸, C.: Harmonic Analysis of Operators on Hilbert Space, North Holland, Amsterdam (1970).
[25] Taylor, G.R.: Multipliers on Dα, Trans. Amer. Math. Soc. 123 (1966), 229-240.
Department of Mathematics, Indian Institute of Technology Guwahati, Guwahati, 781039, India
E-mail address: arupchatt@iitg.ac.in, 2003arupchattopadhyay@gmail.com
Department of Mathematics, Indian Institute of Technology Guwahati, Guwahati, 781039, India
E-mail address: soma18@iitg.ac.in, dsoma994@gmail.com
